16.7 Surface Integrals




q‘aee Integrals

As a line integral integrates w.r.t. arc length, a surface integral
Integrates w.r.t. surface area.
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Surface integrals will comprise the majority of the rest of the
chapter! First, consider surfaces given by z = f(x, y).

Let S be a surface given by z = f(x, y) Sketch:
and let R be its projection onto the

xy-plane. Suppose that f, f,, and f,

are continuous at all points in R and

that f is defined on S.



Parametric Surfaces



-ametric Surfaces

Let’s suppose that a surface S has a vector equation

r(u,v) =x(u,v)i+y(u,v)j+zu,v)k (u,v)eD

R;

Given a function in 3-space, then evaluate it —

at some P; on each “patch” of S and multiply il

by the area AS; of patch, to get Riemann Sum: —;

m n

2 2 f(Pf)AS; i
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As the number of “patches” increases:

f f(x,y,z)dS = lim § if(Pz;k) AS;;

$ M=% =1 j=1

Called the surface integral of f over S.




-ametric Surfaces

Moreover, if the components are continuous and r, & r,, are
nonzero and nonparallel in the interior of D, it can be shown,
even when D is not a rectangle, that

H f(x,y,2) dS = ﬂ f(r(u, v)|r, X r,|dA
Also, ilote that ’

ﬁldSzﬁ\ru X1, | dA = A(S)

Upon using this formula, recall f(r(u, v)) is generally evaluated
by writing x = x(u, v), y =y(u, v), and z = z(u, v) in the formula
for f(x, vy, 2). 5



!mple — Computing Surface Area

Evaluate the surface integral.
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where S is the cone with parametric equations

x=ucosv, y=usinv, z=u, 0Eufl O£v£§



!mple — Computing Surface Area
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Evaluate the surface integral.
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where S is the cone with parametric equations

x=ucosv, y=usinv, z=u, 0Eufl O£v£§
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-ameterization of a Surface

Important: Any surface z = g(X, y) can be parameterized by

X = X y=y zZ=9(X,Y)
And this leads to
0z \2 0z \°
', X 1| = — | +(—] +1
' 0X dy

Which changes our surface integral to

H fx,y, 2) dS = gf(x» y: 9(x. y))\/(%)z + (2—;)2 + 1dA

S




-er Parameterizations

Other ways to approach the surface integral:

[ stsmas = [ sty [(2) (2] + s
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qmple — Computing Surface Area

Evaluate the surface integral.

Ilsy ds,

S 1s the part of the plane 3x + 2y + z = 6 that lies in the
first octant
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qmple Computing Surface Area

Evaluate the surface integral. P 5 K43
JJsyas.
S 1s the part of the plane 3x + 2y + z = 6 that lies in the

first octant 2 = 6=Fx"JY
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qmple — Computing Surface Area

Evaluate the surface integral.

il v ds.
Sisthe surface y = x>+ 4z, 0<x<2,0<:z<?2
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!mple — Computing Surface Area

Evaluate the surface integral. [ j/

([ yz ds. JA

S 1s the part of the plane z = y + 3 that lies inside the

cylinder x* + y* = 1 5;\% 0 R
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Oriented Surfaces
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!ented Surfaces

Let S be an oriented surface. Sis an “oriented” surface only if it
IS possible to choose a unit normal vector n at each point (x, y, z)
such that n varies continuously over S. In other words, the
surface is “two-sided.”

We start with a surface S that

has a tangent plane at every point
(X, Y, 2) on S (except at any boundary
point). There are two unit normal
vectors n, and n, = —n, at (X, Yy, z).

There are two possible orientations
for any orientable surface, positive
(or outward) and negative (or inward).




qnted Surfaces

For z = g(Xx, y) given as the graph of g associated with the
surface with natural orientation given by the unit normal vector:

Note: the k-component is positive, so an upward orientation.

r, Xr
Rather, p = " ’

r, Xr,

Again, this is positive orientation, simply apply —n for negativl%.



Surface Integrals of Vector Fields
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q‘aee Integrals of Vector Fields

A primary application involving the surface integral relates to the
flow of a fluid through a surface S.

Suppose an oriented surface S is submerged in a fluid having
a continuous velocity field F, the volume of fluid crossing the
surface S per unit of time (called the flux of F across S) is
given by the following surface integral:

gF*'dS—gF-ndS

where n is the unit normal vector to S.

The above surface integral measures the net flow amount of

fluid (H,O, air, etc.) out over a surface area. 18



q‘aee Integrals of Vector Fields

Note that if S Is given by a vector function r(u, v), thenn is

given by

o

F(r(u, v)) -

r, Xr,

T, X1,

v, X r,| dA

where D is the parameter domain. Thus we have

g F - dS =Lf F-(r, Xr)dA
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qmple — Computing Flux

Evaluate the surface integral for the given vector field F and the
oriented surface S. In other words, find the flux of F across S. For
closed surfaces, use the positive (outward) orientation.

F(x,y,z) =e’i+ ye*j + x*yK,
S is the part of the paraboloid z = x* + y? that lies above the
square 0 < x < 1,0 < y < 1 and has upward orientation
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!mple — Computing Flux

Evaluate the surface integral for the given vector field F and the
oriented surface S. In other words, find the flux of F across S. For
closed surfaces, use the positive (outward) orientation.

F(x,y,z) =xi+ xyj + xzKk,

S 1s the part of the plane 3x + 2y + z = 6 that lies in the
first octant
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!mple — Computing Flux

Evaluate the surface integral for the given vector field F and the
oriented surface S. In other words, find the flux of F across S. For
closed surfaces, use the positive (outward) orientation.

F(x,y,z) = xi+yj+ zKk,
S is the sphere x* + y* + z2 =9
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q‘ace Integrals (Book)

For instance, If E Is an electric field, then the surface

Integral
fs j E - dS

IS called the electric flux of E through the surface S. One
of the important laws of electrostatics is Gauss’s Law,
which says that the net charge enclosed by a closed

surface S Is

T QzeoﬂE-ds
S

where g, IS a constant (called the permittivity of free space)
that depends on the units used. (In the Sl system,

g =~ 8.8542 x 1012 C?/N - m?.)
23



q‘ace Integrals (Book)

Therefore, if the vector field F in Example 4 represents an
electric field, we can conclude that the charge enclosed by S is

4
Q =3 7&.

Another application of surface integrals occurs in the study of
heat flow. Suppose the temperature at a point (X, y, z) in a body
IS u(x, y, z). Then the heat flow is defined as the vector field

F=—-K Vu

where K is an experimentally determined constant called the
conductivity of the substance.

Lots of applications!! 24



